Stolt migration is often performed with many different velocities, creating a cube (or ensemble) of migrated constant-velocity sections. With this ensemble, an interpreter can quickly, even interactively, carve out a single, variable-velocity time migration. Unfortunately, the variable-velocity section obtained in this way cannot image steep dips correctly.
INTRODUCTION
Accurate imaging of seismic data requires accurate estimation of the velocity function used for migration. An effective method for estimating velocities is to migrate unstaked data a number of times, each time with a different constant velocity. This general approach is most efficiently done with the frequency-wavenumber domain method of Stolt (1978) , which is both fast and accurate for constantvelocity migration. A cube of migrated data is produced, which will be referred to as the Stolt ensemble, having axes of distance, migrated time and velocity. From this ensemble, a variable-velocity section can be carved. The carving process is fast, requiring merely an interpolation of existing data. Therefore, the interpreter can interactively get migrated sections corresponding to many different trial velocity functions without having to remigrate. This process is briefly described by Fowler (1984) and Li et al. (1991) . Unfortunately, the section obtained by the carving process is generally not the same as the section properly migrated with a variable velocity function. The refraction of seismic waves that occurs due to velocity variations with depth is not accurately handled because the final image is obtained by interpolation between constant-velocity migrated results.
Phase-shift migration, pioneered by Gazdag (1978) , has become a standard for poststack migration accuracy where velocity is a function of depth only. In Gazdag' s method, one extrapolates the wavefield in depth by performing phase shifts in the frequency-wavenumber domain. This method accurately images all dips up to 90 degrees and easily accommodates velocity variations with depth. Refraction (ray bending) that accompanies depth-varying velocity is treated exactly.
The ideal situation would be one where a migration algorithm properly handles ray bending yet retains all of the advantages of working with the Stolt ensemble. Li et al. (1991) describe a modification to the prestack Stolt method that enhances its accuracy in imaging steep reflections. Their approximate method for handling ray bending uses a dipdependent velocity in the Stolt mapping process, with the approximation governed by the fourth-order Taylor-series approximation of moveout for depth-variable velocity.
Similarities between the Gazdag and Stolt migration methods suggest that ray bending can be accommodated without approximation. Here, an exact mapping is derived that enables an accurate, Gazdag-equivalent migration to be carved from the ensemble of Stolt-like migrations. The computational effort of this new method is on the same order as that of creating an ensemble of constant-velocity Stolt migrations.
While the Stolt-like ensemble proposed here is most appropriate when created from unstacked data, for simplicPresented at the 60th Annual International Meeting, Society of Exploration Geophysicists. Manuscript received by the Editor October 12, 1990; revised manuscript received June 20, 1991. ity, the considerations here are that the seismic data to be migrated are stacked, or, more precisely, zero-offset. The extension to prestack migration is outlined in Appendix A.
CONVENTIONAL

CONSTANT-VELOCITY STOLT ENSEMBLE MIGRATION
Where velocity varies with depth, the method of migrating with constant velocities and carving a variable-velocity section can leave steep events undermigrated. For shallow dips, carving with the vertical-path, root-mean-square (rms) velocity, urrnS, is appropriate. However, the rms velocity actually varies with propagation direction, suggesting that simple interpolation of an ensemble of constant-velocity migrations is inadequate. Indeed, the "best" velocities for constant-velocity migration are dip-dependent.
To understand this dip-dependence, consider a zero-offset seismic experiment over a point diffractor at a two-way vertical time T in a medium where velocity increases with depth. The true traveltime t to this point can be expressed by the pair of parametric equations (l), where x represents horizontal distance from the diffractor, p is the ray parameter equivalent to reflection slope, and v(a) is the medium velocity as a function of vertical time Dix (1955) demonstrated that an approximation to these equations yields the equation of a hyperbola, specified in equation (2). This approximation is valid for small distances x. times indicated by the actual traveltime curve. Migration should collapse all of the actual diffracted energy to a point, but if the rms velocity is used, amplitudes along the Dix hyperbola will be summed and placed at the apex, resulting in the wrong image.
The error in the Dix approximation becomes most severe for large lateral distances from the apex. This tendency follows from the fact that the vertical-path rms velocity function is appropriate only for the vertical raypath at x = 0. Other raypaths are not vertical and cannot correctly be accounted for by using the vertical rms velocity.
The exact traveltime curve is less steep and of earlier time than is the Dix hyperbola. To more closely approximate the flanks of the actual traveltime curve, the velocity in the Dix approximation would have to be increased. This suggests that in order to image steeply dipping events, a velocity that is higher than the rms velocity should be used. It also implies that the imaging velocity is somehow a function of dip.
In a medium where velocity varies with depth, ray bending occurs. To image steeply dipping events in their proper locations, this ray bending must be handled correctly, in accordance with equations (1). Gazdag migration properly handles the ray bending associated with depth-variable velocity, whereas Stolt migration does not. (Of course, neither method precisely handles lateral velocity variations.) Since both approaches operate in the frequency-wavenumber domain, it is useful to look at the mathematical relationship between Gazdag and Stolt migration.
Gazdag and Stolt migrations
Equation (3) demonstrates how to do Gazdag migration (Gazdag, 1978) . To obtain the migrated data 4 at a certain two-way vertical (migrated) time 7 and horizontal wavenumber k, multiply the two-dimensional Fourier-transformed data P(o, k) by a complex exponential, which contains an integral, and integrate over frequency o. 
If this integral were simply a Fourier transform, the computational speed of the FFT could be used in migrating the data. Stolt (1978) showed that by introducing a new frequency, w,, this equation could be transformed to one that is Fourier-like. Equation (5) defines this change of variable. The presence of p in equation (8) implies that the imaging velocity is dip-dependent, and so it is best used for data in the frequency-wavenumber domain. Although the imaging velocity does depend on T, this does not mean that a different constant-velocity Stolt migration is necessary for every time sample. Compared to the recorded seismic waves, the velocity v, in equation (8) Often the rms velocity is the function used to carve a section from the ensemble of constant-velocity Stolt migrations, and this approximation shows that the rms velocity is appropriate for gentle dips. However, for steeper dips, equation (8) and subsequently select (actually, interpolate) from the volume of data generated along the surface corresponding to s = T. This seemingly indirect way of solving equation (11) is analogous to the constant-velocity method of Stolt migration in which the FFT is used to migrate data with many values of constant velocity vs, and a final migration result is obtained by interpolating from the volume of data along a surface defined by us = u,,.
THEORY OF STOLT-LIKE ENSEMBLE MIGRATION
A new Stolt-like migration So far, it has been shown that to image steep dips properly where velocity varies with depth, the imaging velocity in the Stolt process must vary with dip. Equation (8) 
In replacing 7 by s in the argument of (?, integral expression (11) for the desired migrated result q(T) has been replaced by a Fourier transform, equation ( (15) To prevent aliasing in the s dimension, the change in the migrated frequency from one s to the next at one particular migrated time T must be such that the change in phase is not more than half a cycle. In mathematical terms, lAo,s\ < r.
Thus, one way of computing q(T) is to perform a number of inverse Fourier transforms (using
Migrated frequency is defined in equation (14) as
The Gazdag-equivalent migration for the velocity function used for Stolt-like ensemble migration lies along u = 1 when the correct velocity is assumed in the mapping given by equation (15), but allowing u to vary with 7 yields a migration from a different velocity function. Choosing u < 1 is equivalent to using a slower velocity at that T, and using u > 1 is the same as migrating with a higher velocity at that T.
The change in migrated frequency with respect to s is given by the partial derivitive After examining the ensemble, a desirable migration is found by carving along a particular U(T). An improved estimate of v,,, is then v,.,, (T) = o~,,(Tu(T)).
In this way, the imaging of gently dipping reflectors can be used to refine estimates of the velocity function.
IMAGING WITH A STOLT-LIKE ENSEMBLE
The process of Stolt-like ensemble migration proposed here is similar to performing many constant-velocity Stolt migrations. Figure 8 Gazdag migration is the standard with which to compare the accuracy of alternative migrations when velocity varies with depth. Therefore, to check the accuracy of the Stolt-like ensemble migrations, a Gazdag migration was also performed.
Imaging five dipping planes
Kirchhoff modeling was used to create synthetic zerooffset data corresponding to five dipping planes as described above. The velocity function used in modeling was V(Z) = 1.6 + z/2. This synthetic is illustrated in Figure 9 . Migrating the synthetic data of the five reflectors by the Gazdag method produces the image in Figure 10 , with all reflectors correctly positioned. This will be used as the desired output in measuring the accuracy of Stolt-like ensemble migration.
The Stolt ensemble migration of the synthetic above is provided in Figure 11 . This is the section that would be obtained if one did constant-velocity Stolt migration to build an ensemble of migrated data and later carved this ensemble using the rms velocities. Note the undermigration of the steeper dips, particularly evident at late time small dips will be imaged properly. Similarities between Gazdag' s phase-shift method and Stolt' s method suggest a mapping to image all dips up to 90 degrees, where velocity varies with depth, by using an ensemble of Stolt-like migrations. This mapping is equivalent to using the correct dipdependent imaging velocity of equation (8). This technique, which now properly handles ray bending where velocity varies with depth, retains the efficiency and flexibility of constant-velocity Stolt migration for both imaging and velocity estimation.
As with many migration algorithms, computation time increases with the dip to be properly imaged. Here, this cost is manifested as the need to prevent the aliasing of steeper events, which is done by assuring that the s-axis is sampled finely enough. The computational effort required to perform Stolt-like ensemble migration is on the same order of creating an ensemble of constant-velocity Stolt migrations.
Stolt-like ensemble migration for numerous values of s is typically slower than a single Gazdag migration, so there is an initial investment to create the ensemble of migrated data. However, the ability to modify the velocity function, and indeed more accurately define the velocity function without having to remigrate is advantageous. Also, within the context of time migration, lateral velocity variations can be tolerated, whereas they cannot be in a single Gazdag migration. 
